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INTRODUCTION TO ROBUST STATISTICSAND DATA FILTERING
Gernot M. R. Winkler
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Automatic and/or remote time and frequency measurements produce data that are sometimes contaminated by errors
which can arise from single bit failures and can be arbitrarily large. The detection of such errors and the justification
for their rejection will be discussed and simple methods given how to accomplish this automatically and objectively.
Such methods, and an understanding of the principlesinvolved, are indispensable for the correct eval uation of
frequency standards and the operation of timed systems. The treatment offered can be considered as part of Robust
Statistics but will emphasize the practical aspects. A related but substantially different application arisesin the
operation of electronic navigation receivers, where the prompt detection of system integrity failures cannot rely on
postprocessing of the observations. This problem will aso be discussed briefly in an introductory way.
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INTRODUCTION

Many applications of precise time and timeinterval (PTTI), especially the use of time measurements in navigation or positioning, or
the use of remotely collected time or frequency measurements, often confront us with data which are questionable. This happens, of
course, in the practical use of any data, but in our field adecision of what to do is usually more critical and pressing. An overview of
robust statistics with practical examples will be presented in these notes with the aim of alerting the practitioner to the benefits of

using even the simplest analytical tools of this specialty.

The assumption of a Gaussian (normal) distribution of errorsisthe standard starting point of aimost all critical data processing done
in practice. However, with the advent of electronic data transmission and automatic data collection, this assumption cannot be made
tacitly. Arbitrarily large errors can and do occur and the analyst isill advised to use blindly the statistical tools which he may have
learned at the beginning of his career. Even more important are real-time applications where people depend on measurements
immediately. We must alert users to the need to build judgment into their routines that will prevent the blind automatic acceptance of
dangerous outliers or system failures.

As an example, we can take the Global Positioning System (GPS) in its present state. We have observed from time to time spurious
timing errors of very large magnitude, up to hundreds of microseconds. With the introduction of the Block 11 satellites, this has
become very rare. Nevertheless, we must have some way to recognize and to reject such erroneous measurements. Fortunately, there

http://www.wriley.com/ROBSTAT.htm (1 of 18)10/2/2007 5:32:38 AM



http://www.wriley.com/ROBSTAT.htm

are techniques, some of them very ssimple, yet not widely known, which can be used with contaminated data. The more sophisticated
technigues are not so clear to the occasional user and for this reason have been neglected by most practitioners in the past. However,
as Tukey has said, "It is not so important what you do as that you do something about this problem.”

What we can do easily isto familiarize ourselves with at least a simple but safe form of robust data analysis, and discuss the
principlesinvolved. | hope that these examples will give encouragement for going deeper into critical data analysis.

Box (of Box and Jenkins fame, [1]) introduced the concept of robustness as a name for a class of statisticsthat are insensitive to large
errors ("outliers'). The idea, however, had been considered much earlier, by Gauss and Laplace, [2]. In principle, we can approach
the outlier problem on the basis of the internal consistency of the dataset. If we have a set of measurements, then we want to find an
estimate for the "real" value that is to be measured, and we also heed a measure for the magnitude of the scatter as an estimate for the
uncertainty of our result. The (sample) mean M and the (sample) standard deviation s are the accepted estimates for the center and
the scatter of the distribution at hand. They are estimates because they are based only on the sample at hand, which does not exhaust
the total of all possible measurements that is meant when we talk about the "population”. However, if our data have been
contaminated with extraneous large errors, then M and swill be affected and can be substantially different from the uncontaminated
measures which are needed as a characterization of the process.

But why have M and s been accepted as standard measures in the first place? The reason is that, for anormal distribution of errors, it
can be shown that the sample mean M is the most efficient estimate for the"center” or "true” value and s, the sample standard
deviation, isthe most efficient estimate for the variance or scatter (sigma). But thisistrue only for anormal distribution. In the real
world, we find that often anormal process with its characteristic measures of M and s gets contaminated by blunders, extraneous
noise, transmission errors, or other interference with orderly data collection. In fact, the frequency with which such "outliers" appear
in measurements is so high that we have no justification for our standard methods of statistical analysis (based on the assumption of
normal distributions) unless we find and reject these extraneous data at the beginning. With this model in mind, we have to find
systematic, objective ways to identify and then filter the outliers.

First, we will deal with sets of measurements of afixed quantity and later with quantities that vary with time (time series). In the first
case we deal with the classical problem of multiple observations of a single quantity. In the second case we observe a process, but a
process that isonly partially deterministic and, in addition, we must expect also afew "blunders’ (additive outliers). It isimportant to
keep these two cases conceptually separate, even though we can note that the second case can be reduced to the first if we consider
the distribution of the residuals from a mathematical model which has been fitted to the data by some criterion such as least squares.
The mathematical model represents the deterministic part and the residuals the stochastic. Of course, we have the additional problem
of finding arealistic model, i.e., amodel that produces residuals without systematic trends. The application of robust statistics for the
determination of M and swill reappear asfiltering of the datafor the purpose of getting to the uncontaminated model for the
description of the time variability.

One can distinguish robust measures that include the set as a whole from robust methods that attempt to find the uncontaminated
sample which can then be treated classically. We could distinguish these two cases aso as inclusive vs. exclusive methods. This
presentation will concentrate on the second approach, better described as an iterative method, as opposed to the first, which amounts
to ablock procedure. For adiscussion of block procedures | have to refer you to the literature, especially [3], [4], [5], and [6].
Among these methods, one distinguishes M-estimates derived from maximum likelihood arguments; L-estimates, which are alinear
combination of order statistics (our rejection criterion to be discussed |later would belong here); R-estimates based on rank tests such
as the Spearman rank-order correlation; and finally techniques derived from control and filtering theory, such as the Kalman filter,
which can be made somewhat robust if the necessary precautions are taken. To summarize, we have to accomplish two tasks: We
have to find robust measures to characterize the uncontaminated distribution of our dataset; and we have to reject those points which
do not belong to this distribution. The first part is robust statistics; the second part is of concern to the practitioner.

Back to Contents

ISA REJECTION OF OUTLIERSJUSTIFIED?

What is an outlier? Outliers appear to be inconsistent with the remainder of the data. They are "surprisingly" far off the consensus.

http://www.wriley.com/ROBSTAT.htm (2 of 18)10/2/2007 5:32:38 AM



http://www.wriley.com/ROBSTAT.htm

But this remains a subjective judgment until we analyze the data population as a whole. Then we may be able to say whether we
have a contaminant (a genuine outlier) or an extreme value. Extreme but legitimate values may be important; they carry some
information which should not be ignored. The simplest, but at this stage, inadvisable method would be to reject a priori a certain
small number, say 5%, of al points. Of course, we want to reject points which are farthest from the mean. But this cannot be done
without judgment unless we want to accept the risk of throwing away perfectly good data. In addition, cutting the tail of a
distribution will introduce a noticeable biasin M and s, particularly if the tails are cut in reference to the contaminated mean.
Therefore, this process is not objective and it cannot in this form be automated. What we need is an adaptive filter which is capable
of making simple judgments about outliers. In other words, the problem is much more involved than it may appear to be at first sight.
It has been a subject of intense interest to astronomers and geodesists ever since the days of Gauss. An extensive modern discussion
of outliers can be found in [7].

The rejection of dubious pointsis agood example for the general decision problem in statistics. In making decisions on the basis of
uncertain data, we must take into consideration two types of errors: type | and type I1. Committing an error of type | in our case
consistsin wrongly rejecting a genuine member of the distribution; we make an error of type Il if weretain areal outlier. The
preference for one or the other of these errors (or better, willingness to accept them)reflects a basic strategy of decision. These
preferences can be precisely quantified. A "conservative" decision-maker prevents the loss of a dubious value by preferring a small
risk 1. The "radical”, or "liberal", in reverse, prefersasmall risk |1 and iswilling to risk the loss of valid data because he dreads
contamination. (One could say that he is a conservative, too; but, perhaps simplistically, he aims at conserving truth and not data
points).

Percival [6] defines afiltering algorithm as "robust if deviant behavior by a small percentage of the frequency standardsin atime
scale does not unduly influence the resulting time scale.” This definition is characteristic for the approach using block procedures
because it allows some, albeit "not undue," degradation, in contrast to our stated aims that seek to eliminate such influences
altogether. The justification for our aimsisthe, possibly naive, principle that no contamination whatever should be allowed. The
conservative, and we confuse the issue a bit by a priori identifying the block procedure adherents with tolerance for a high type 1
risk, will reply that we can only know with some finite confidence that a value may be an outlier. Therefore, we should keep it in the
set but with a correspondingly lower weight. Thisis a perfectly sound principle and most of Robust Statistics is based on it.
Nevertheless, we must realize that very often our policy will be influenced by the circumstances rather than by a priori principles. A
paucity of datawill most likely induce a conservative attitude, in contrast to the case where an abundance of data allows amore
generous, liberal, and in my opinion also safer, rejection method.

We adopt the following definitions: Therisk | isthe probability a that a genuine value is rejected. Conversely, therisk Il isthe
probability Rthat areal outlier isretained. Of course, we can only evaluate these probabilities to the extent that we know the
distributions for the genuine values and for the real outliers. Usually, we will know very little about the outliers (unless we have
some a priori ideas about their statistics) and, therefore, Risamost irrelevant for us. Thisisin contrast to the general casein
statistics where we decide between two alternate hypotheses. All we can say here is that we must expect almost any value as an
outlier. For this reason we can only make (3 small by allowing a to grow. a , however, is known to the degree of our ability to
estimate the uncontaminated distribution. Alpha can also be called the probability of false alarm, while 3 is the probability of a
missed detection. Sometimes, the probability of correctly identifying the outlier iscalled I and is referred to as the power of the test.

r=1-B

Standard choices for a can be recommended (following [8] p. 119): If atype| error is serious, adopt o =0.1% or at most 1%. If, on
the other hand, atype Il error is serious, then alarger a , possibly 5%, should be adopted. The following example will make this
clear: A 4.5% valuefor a would imply arejection limit of 2 o of the undisturbed normal distribution (see scale E of Fig. 1). It seems
clear that the first case, when atype | error is serious, will be better handled by the adoption of a conservative method ([3], [4].[5],
[6]). Asan additional aid in deciding, one should also look at Fig. 2.1 of [7], which gives more detail on the different kinds of
outliers that could be expected, such as additive vs. innovative outliers. In general, | would recommend that the less we know about
the outliers, the more we should be inclined to the simple rejection methods advocated here. That would, indeed, lead to the adoption
of an a =5% as arule of thumb, to be on the safe side. Many experienced practitioners of statistics do thisin awide variety of
applications ([8]). Thisis, however, not what we rejected at the beginning of this section as not being objective. There we argued
against ablind, apriori rejection. But now we have decided that we must estimate the undisturbed distribution, and then, we also
realize the importance of diagnosticsin our procedures to guard us against cases which do not agree with our assumptions about the
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basic distribution. In addition, as we shall see, the data rejection that we will propose will not necessarily eliminate all values beyond
the adopted limit. We only reject, starting with the largest deviation (because that is the most likely outlier) until we reach the
number that we can expect on the basis of our estimate of the main distribution.

To summarize the present attitude regarding outliers, we can say that today, as practitionersin contrast to the theoretical statisticians,
we are more in favor of arejection of suspicious data as opposed to the earlier attitude of keeping them at alower weight: we collect
more data and we can be more generous about them. A main reason for that is the experience that today's automatic methods not only
produce vast amounts of data, but they also can produce arbitrarily large errors that clearly come from processes that are different
from the one under investigation. However, even before our modern data collection methods presented us with the problem of
"cleaning up large but noisy datafiles," volumes have been written about the justification of rejecting any data, however suspicious.
An example is the following table, which contains a series of measurements of the vertical semidiameter of the planet Venus madein
1846. The measurements have been discussed by several authorities who classified -1.40 as a discordant value [9]:

|-1.4o ]-0.44 -0.30 | -0.24 | -0.22 |-o.13 |-o.05 |+0.06
]+o.1o ]+o.18 ]+o.2o ]+o.39 ]+o.48 ]+0.63 ]+1.01 ]

Table 1. Semidiameter of Venus

The opinion is still widespread that there is no theoretical basis for the rejection of any authentic, bonafide observations. Thisis
considered controversial. However, the rejection of datais only controversial if we fail to define exactly what we intend to do. If we
intend to summarize the particular observational process with which we are concerned, then indeed we must not reject any data. We
must hot reject anything because even the wildest "outlier" is part of the process and conveys important information. It is part of the
distribution of errors that are a consequence of the details of the process chosen. If, on the other hand, the processis only one of all
conceivable ways of obtaining information on what is behind the process, the "red” value if thereis one, then of course, we must
consider wild outliers as not belonging to the distribution of errors that we expect in our process of interest: in the estimation of
that"real" value in which we are interested. Clearly, the second case is of wider importance and is usually tacitly assumed. In what
follows, we assume this latter case and, therefore, we will discuss methods for an objective identification of outliers. Thefirst case,
however, is not unimportant. In the discussion of observational techniques, or of data collection methods, the occurrence of widely
discordant resultsis a very important fact and must not be disregarded. In the VVenus observation above, the theoreticians should
reject the outlier, but the observers should not; they must use it in their critique of the observations. We will discuss practical cases of
frequency stability analysis from this point of view.

We shall test our methods and see how they will deal with sets such as this Venus case in an unambiguous way. Our problem is,
again, the design of procedures that will make rejection decisions automatically, and these decisions cannot, we repeat, be based on
subjective grounds. To proceed, we must first use realistic levels of significance and, furthermore, we must adopt a criterion for
randomness. The prototype for the concept of randomness is the coin-tossing experiment where we can most clearly see randomness
in action. If we say that, with significance of 1%, it is beyond chance that afair coin falls on the same side in 7 consecutive tossings,
then thisis how we arrive at the statement: each time the coin shows one side (out of two possible) that happens with probability 2.

For this to happen seven timesin arow, the probability is (2)7 because the probabilities of independent events multiply. But this

means that pure chance of this happening is only (2)7, which islessthan 0.01. For other significance levels, we can easily construct
the following table:

’ n ’ 2-n ’ Level
] 1 ] 0.50000 ]
] 2 ] 0.25000 ]
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| 3 ] 0.12500 ]

| 4 | 0.62500 | <10%

| 5 | 0.03125 | < 5%

| 6 ] 0.01562 ]

| 7 | 0.00781 | <1%

| 8 | 0.00391 |

| 9 ] 0.00195 |

| 10 | 0.00098 | <0.1%
| 14 | 0.00006 | < 0.01%

Table 2. Levels of Significance for Coin Tossings

A necessary assumption for all thisis, of course, that the outcomes of our coin tossings are really random, i.e., that the results are
independent of each other and are not in any way systematically influenced. Only then can we multiply the individual probabilities
for one outcome (assumed to be 2 in our case). As data analysts, we will probably not be dealing with a distribution such as the
above unlesswe work in Las Vegas or have to deal with reliability problems where the binomial distribution is fundamental.
Otherwise we will have to deal predominantly with two different ideal situations:

Case one: Our data are normally distributed with the exception of afew extraneous outliers, which we identify on the basis of the
probability that they cannot belong to our distribution at an accepted level of significance, say 5%. The problemin this caseis that
we have to find the dispersion of the uncontaminated distribution so that we can set the rejection criterion properly.

Case two: Our data, even without disturbance, are not normally distributed, but follow a principally different distribution, such asa
log-normal distribution or (another important practical case) a Poisson distribution.

In this paper, we will not consider case two further, because the principles of robust data analysis can be discussed more clearly on
the basis of the first case. Appendix 1 does, however, give a brief discussion of the Poisson distribution.

Back to Contents

STATISTICAL DISTRIBUTIONS

The normal (Gaussian) distribution (Fig. 1) will be assumed from now on. It is so frequent because it is generated by many small
disturbances which act additively but randomly. These disturbances prevent us from measuring always the same value. Thisis
essentially also the basis for the "central limit theorem” which states that the normal distribution results from the action of many
small independent errors of any individual distribution. An entirely different distribution of the data, the log-normal distribution,
resultsif many disturbances act multiplicatively, i.e., if they influence their successors. Thisis usually the case in biological or
sociological problems. The rich get richer because their money helpsin earning more money. Incomeis nearly log-normally
distributed (it is called a Pareto distribution if it has a sharp lower cut-off and a very long upper tail aswe seeit in the income case).
Y et another case, the Poisson distribution, is used in problems that arise in the counting of rare and mutually independent events
(isolated events in a continuum). Examples for approximate Poisson distributions would be misprints per page, disintegration of
radium atoms per second, telephone calls arriving at an exchange, plane arrivals at alarge airport, etc. (see Appendix 1). In most of
these cases, however, it cannot be assumed apriori that these events are indeed independent of each other. Hence the need for testing
the distribution. The binomial distribution, finally, is of foremost interest in reliability questions. Both of these, the Poisson and the
binomial distributions, tend to the normal distribution as their limiting case with large numbers.

In position fixing, target shooting, and in diffraction phenomena, we deal with two-dimensional error distributions. Many small,
random disturbances affect the "impact” point. If the errors in both dimensions have normal distributions with equal sigmas, and if
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they are uncorrelated, then we have a Rayleigh distribution. The often used "c.e.p.” (circular error probable, circle of equal
probability, or circular equal probability) isthe 50% circle of the radial errors.

At any rate, it is essential for the identification of outliers that we know which distribution we should assume as the main distribution
of the data. By distribution we mean, of course, the idealized histogram of the data known as the probability density function (pdf).
The pdf gives the probability of finding data at a given value. Since probability isin practice the number of considered cases over the
total number in the population, we must express the pdf as the number of data over the small interval considered, divided by the total
number, i.e., adensity.

Parenthetically, we can note that the popular idea of statisticsis superficial and distorted, which leads to many wrong conclusions.
Only the unsophisticated will compress the information which is contained in a set of related values by forming the arithmetic mean
and stop. What we obtain thisway is only a sample mean. Without further work, it is entirely unjustified to assign to this value any
meaning other than that it is the average of the data at hand. However, in practice, thereis atacit belief that we have somehow
obtained the "real value'. But, of course, who knows whether there is any single "real value'? In contrast to this naive position, a
main principle of statistical work isto find the distribution of the data; only then can the "expected" value be found by (L ebesgue)
integration of this distribution. In other words, the concept of a distribution is fundamental.

The expected value is defined through the distribution and the sample mean is just an estimate, and often a poor one, for the expected
value E{z} of the random variable z. The expected value can only be found if we sum (or integrate) over all values z multiplied with
their probability. Because the probability of each valueis given by the pdf of the population and not by the histogram of the possibly
contaminated sample, our methods require some assumption regarding the undisturbed distribution. Nevertheless, we must look at
our sample distribution very carefully as an indispensable diagnostic. We will approach the problems by making the initial
assumption of an underlying normal distribution of the errors, but this assumption must be checked and cannot be blindly maintained
on faith. See [10] for more detail on testing for anormal distribution.

Incidentally, we have just come across a point that is of fundamental importance throughout science and philosophy. What we learn
from experiments depends on the question we ask and on the assumptions we make when we analyze our data. These assumptions
are, in turn, the result of some basic structures and functionsin our brain, and all prior experience in the form of our preconceived
notions, and cannot be presumed to be facts of nature which exist independently of us. Perceived redlity is different to different
people and to different times and, simply stated, our view of the world isto alarge extent what we think it is! Seen from this angle,
science isthe struggle to identify and reduce these subjective parts as much as possible, but they cannot be eliminated completely.
Statistics is exactly in the same situation. We attempt to be as objective as possible, but this cannot be done without any assumptions
whatever. It is utterly necessary to be as clear and honest as possible about these initial assumptions. For us this means that without
any assumptions, there would be no outliers!

For practical purposes, we will concentrate on the main principles and, in the following, we assume that we have indeed a normal
distribution of the undisturbed data. Therefore, the outliers are assumed to come from a process which is different from the one that
produces the "regular" (small, random) errors. We will also suggest afew simple diagnostic measures in addition to the use of the
histogram program. Incidentally, if we were to find alog-normal distribution, then we could transform it into a normal distribution
by changing the measurements (transforming the abscissa) to their logarithms.

The diagnostics that are included with our routines will alow some monitoring of the degree of nhormalcy in the data set. For that
purpose, we must discuss the various measures of dispersion, estimates of the "center”, and the rough shape of the distribution. To
summarize, we must know the undisturbed distribution in order to be able to state the probability for the occurrence of an unusually
large discordant value in the data. If that probability is, say, less than 0.001, then we can state with a significance of 0.1% (0.001)
that the datum in question is not a legitimate member of the data set if we have less than 1000 measurements. And, in order to
improve objectivity, we should better state or decide the critical significance level to be adopted in advance of our data inspection.

In summary, we say that from a set of measurements alone, we cannot know exactly which values, if any, are outliers. But it isaso
unknowable what the exact "true value" is. Only from the internal consistency of the data, from the distribution, can we estimate a
"best" value with some stated uncertainty; and we can identify values as outliers with a stated probability. Precise statements are
always uncertain, while certain statements are necessarily imprecise (as stated in [8]).
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THE NORMAL DISTRIBUTION

This distribution is the ideal bell-shaped histogram. It is symmetric about its mean (the population mean is usually denoted as 1 ) and
has as its (population) variance the mean-square deviation. The square root of the variance is the standard deviation (sigma). Mean
and standard deviation (or variance) fully characterize the distribution. Theideal histogram (the pdf) represents the probability
density as afunction of the value. One usually standardizes by drawing the abscissain terms of sigma, with the Mean as the center.
Thetotal area under the curveisone. Theintegral of the pdf, i.e., the area up to the point in question, is the cumulative distribution
function (cdf). The value of cdf(x) is the probability to find avalue that is equal to or smaller than x. For large negative deviations,
the cdf starts at zero and increases steadily up to one in an S shaped curve. The slopeis, of course, the density of our data and we see
that thisis largest around the mean and is very flat at large values. In practice, the cdf is even more revealing than the pdf because in
dealing with actual sample sets and not with the theoretical population, the histogram appears uneven or discontinuous in contrast to
the cdf. Of course, thisis because the cdf isthe integral of the pdf.

The sigmais a measure for the scatter in the same units as the values themselves. The variance 02, on the other hand, is more useful
in theory. If we have two disturbances acting together but independently, the variances can be added to give the variance of the
result. This cannot be done with the sigmas.

The formulafor the ideal histogram, the probability density of anormal distribution, is as follows:
pdf (x | 1,0 ) = (Vo V(2m)) e-Alx-H o T

The inflection points of the curve are at +10 . The value of 0.674 ¢ is known as the probable error (p.e.) because 50% of all values
arewithin 1 p.e. If we know or can estimate the p.e., e.g., by counting and ordering all errors and finding the half point, then we can
estimate the sigma: o =(p.€)-1.483 which we will use later. We should remember the main probabilities listed in Table 3 for the
normal distribution:

| Within + This Range | Are This % of All Values | Remarks

| 1p.e. | 50.000 |

| lo | 68.270 |

| 1.50 | 86.640 |

| 20 | 95.450 | 455>20

| 250 | 98.760 | 124>250
| 2.750 | 99.400 |

| 30 | 99.730 | 027>30

| 40 | 99.994 | 0.0063 >4 0

Table 3

A rejection of outliers beyond 4o corresponds with a significance level of 0.01%. We allow only one error in ten thousand to exceed
40 because only one could be expected larger than 4o in our sample. One such value would then still have to be considered as a
legitimate member of our data set. In other words, we are justified to reject this value at the previoudly stated level of significance
only if the number of our data pointsis less than 10000. Therefore, if we adopt, say, alevel of significance of 0.27%, then we would
reject outliers, starting with the largest on either side and eliminating them one by one until we have 27 per 10000 left which exceed
30 (or correspondingly fewer for a sample smaller than 10000). This, then, is an objective method with a specified level of
significance which we can use in the rejection task, always remembering, however, that we assume a normal distribution.
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However, the problem remains that we do not yet have the undisturbed statistics available for making the above decision. We have to
search for robust estimates for the center of our distribution, 1, and of the scatter, o, but the simple sample values can't be used
because of their high efficiency: they are too much disturbed by outliers. We need estimates that are not sensitive to the presence of
outliers. With robust estimates we could recognize these outliers, remove them from the data set by using the procedure just outlined,
and only then use the standard statistical methods to evaluate the undisturbed set. But before we forget, we have assumed that the
undisturbed distribution is normal! If tests should show that this assumption is not justified, then we cannot use this method unless
we can transform the distribution to a normal one or modify the routines to account for the particular distribution on hand. But how
normal must our distribution be so that we can apply our methods? This is why we need good diagnostic measures.

Let us discuss our standard estimates first. The most efficient estimate for the 1 of the normal distribution is the sample mean (Mean
or M):

M =3 x/n

By most efficient, we mean that, for the given sample size, we obtain estimates with the smallest variance from sample to sample
because this measure extracts a maximum of information from the sample. The most efficient measure of the sigmais the sample
standard deviation ¢ . It isthe root mean square deviation from the mean. This can aso be written as:

0 ={[Zx2- (Z x)?)/n]/(n-1)} *2

This unusual looking formulais simply a different form for the rms deviation from the sample mean with a denominator of (n-1)
instead of n. The reason for (n-1) in the denominator is that using n would produce too small a value because the deviations are only
available against the sample mean and not against the unknown p, which is dightly different. The sample mean is the value which
minimizes the sample deviations, which makes the s appear too small; thisis compensated for by using (n-1). We express this by
saying that using n in the denominator would bias the estimate of the population variance (and its standard deviation as well). On the
other hand, the computation with n produces a"maximum likelihood estimator.” As one can see, it is extremely important to keep a
clear distinction between the ideal measures of the population (1 and ¢ ), and their estimates computed from the sample (M and s).
Our formula appears in aform which allows the computation of the two sums concurrently with the arriving data without the need
for waiting until we have computed the mean. The benefit is that we do not need to keep the datain memory, but only the two sums.
Thisformulaiswell known but, as has been pointed out by Dr. James Barnes of Austron, Inc., the use of thisformula can lead to
errors because we may be subtracting two large numbers from each other. A way around this is adding the squares of the differences
X(i) - x(1). Weleave it as an exercise for the reader to figure out how to correct this after M has been computed so that the equivalent
to the above formulais obtained. Of course, it is even simpler to follow exactly the definition and compute the deviations after the
mean has been obtained. By root-mean-squaring of the sum divided by n-1, we then obtain the standard deviation without these
potential accuracy problems.

Other simple measures of diagnostic interest are the median (med), the mode, the median absolute deviation (meddev), the skewness,
and the kurtosis. The great and so often ignored value of the median as an estimator of the center of a symmetric population liesin its
insensitivity to the magnitude of the outliers. While the mean must reflect the presence of an outlier xout with an error of xout/n, the
median is hardly affected; in fact, it is totally insensitive to the magnitude of that outlier because it extracts only position and no
value from the data. The same thing istrue for the median (absolute) deviation (meddev) vs. the standard deviation. We see that
efficiency (use of al information) and sensitivity to outliers go hand in hand. Y ou cannot have one without the other. Part of the
reason for the relative neglect of the median as means to characterize the distribution is that, naturally, its variance is greater than the
variance of the standard estimators mean and s. But nothing is free. If we need insensitivity, then we have to accept adightly less
efficient measure. A contributing factor for the neglect by the professional theoreticians may be that the medians are not "analytic"
and for this reason do not lend themselves easily to mathematical analysisin closed form. Nevertheless, it is awidely recognized fact
that the median is a valuable estimator, particularly for distributions with broad tails [11].

What follows belongs to what is known as order statistics. We order the data by magnitude. The central data point is then the
Median:
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med = x[(n+1)/2] for n odd, and
med = {[x(n/2) + x[(n/2)+1]}/2 for n even.
This assumes that the errors are listed in an array that starts with position one.

For symmetrical distributions (such as the normal distribution), the mean and the median (i.e. the population parameters, but not the
sample measures, which will always show some variance) are identical. Another important concept, albeit of less practical value, is
the mode. It is the maximum point in the distribution (i.e. in the pdf, approximated by the maximum in the histogram). Sometimes
there are two maxima; in that case, we speak of abimodal distribution. For a symmetrical unimodal distribution, the mode agrees
with the mean.

The shape of the actual distribution will often deviate from the theoretical hormal distribution. If it islonger tailed to the larger
values, then we speak of a positive skewness, or to smaller values, of a negative skewness. If the distribution is peaked more than the
normal distribution, then we speak of aleptokurtic, or in the opposite case, of a platykurtic, distribution. The shape measures are
defined asfollows:

skew = (1/n)x [(x—Mean)/s]3

kurt = (Un)Z [(x-Mean)/g* - 3

A strongly leptokurtic distribution (kurt1.0) indicates the presence of datain the tails of an otherwise well concentrated distribution.
Aplatykurtic characteristic (negative kurtosis) can be an indication for atime variability in the data. If the measurements drift with
time, then theresult isaflat distribution. Values for the kurtosis of lessthan -1 are a danger sign and suggest a closer |ook at the
data: we may have to subtract atrend before we investigate the residuals. Similarly, valuesin excess of 1.0 are also suspicious, in
this case there may be outliers. Values between -0.5 and 0.5 are probably harmless and aresult of the considerable variance in the
measure of kurtosisitself, which isvery sensitive to outliers. All real world data have somewhat more pointsin the tails than
expected from the normal distribution and skewness and kurtosis are important diagnostics to find out quickly whether and where
problems are. An excellent visual aid is, of course, the histogram of the measurements. A simpler and almost more useful trick isthe
display of the ordered (by absolute size) measurements which have been numbered to provide for an abscissa. The inverted S shape
gives an immediate idea about the distribution of the errors. This plot is, of course, nothing else than the cumulative distribution
function (cdf), plotted with the axesinverted.

There are various alternatives to estimate the dispersion in the data. The simplest is the range R:
R = x(max) - x(min)

or, for an ordered set,
R =x(n) - x(2).

One also uses the "relative range” = R/s also called normalized range. The range has several serious disadvantages: it depends very
much on the sample size n, has a substantial variance, and is totally affected by outliers. Table 4 gives estimates for the "n"
dependency of the range [8] as expressed in units of the standard deviation (which is the normalized range).

| n | Range | n | Range
| 2 | 1.13 | 11 | 317
| 3 | 1.69 | 12 | 3.26
| 4 | 2.06 | 13 | 334
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| 5 | 2.33 . L
| 6 | 2.53 | 50 | 450
| 7 | 2.70 | 100 | 5.03
| 8 | 2.85 | 1000 | 6.49
| 9 | 2.97 | 5000 | 6.67
| 10 | 3.08 ] 10000 | =

Table 4. Estimates for the Range (n)

In fact, the range could be used as a good outlier detector in combination with the variance, if that were not so inconvenient because
of the dependence on n and its lack of efficiency (its considerable variance) to boot. However, the variance itself is also quite
sensitive to outliers! A much better detector isindeed a combination of the standard deviation as an outlier sensitive measure with a
measure which isinsensitive. Such arobust measure for the dispersion is the median of the absolute deviation (meddev); indeed, it is
the least sensitive dispersion estimate of them all.

meddev = med{ |x - Median[}

The meddev should be an excellent estimator for the probable error as defined above, but one finds little about this in the literature.
Simulation tests with pseudorandom data sets indicate that this estimator for the dispersion of the distribution is not only extremely
robust (because we use only position), but its efficiency isjust sufficient to serve for the first phase of our routines, the detection
process, at least for reasonably large sample sizes. Of course, for very small samples (n<16) it becomesimpossible to find a center of
the distribution with any confidence. Without having seen much analytical work regarding this estimator, it is, nevertheless, in my
opinion certain that its variance goes with n*2 (because we are only counting). Therefore, we should improve our relative precision
with the square root of n. Another question is whether one should not use the sample mean, instead of the median, as the reference
point for the deviations. The median is less sensitive to the outliers. This method of outlier detection and elimination is quite
different from the excess reduction method outlined above, and it is simpler and often sufficient. We can call our first method the
(significant) excess method, and the use of the sigma/meddev ratio criterion just the ratio criterion method.

These methods can be combined easily. A combination is useful because asingle outlier that is far off isimmediately recognized by
the ratio method while the excess method requires several stepsto find out how far out asingle outlier is. On the other hand, the
excess method is useful in other cases where one wants to have a hard, clear criterion on when to stop rejecting data. Theratio
method, of course, also gives this criterion, but counting numbers is more robust than looking at a slowly changing ratio. Therefore a
combination isagood ideain principle. This combination will be even better if we include the kurtosis as an indicator that there are
data in the wings which may not belong there.

Back to Contents

TIME SERIES, MODELING, AND FILTERING OF DATA

Until this point, we have considered a collection of measurements without reference to their possible time dependency. If such a
dependency exists, then the computation of statistics, such as the mean or the standard deviation, becomes meaningless. Such
estimates make sense only for such portions of data as can be assumed to have been drawn from the same (constant) distribution.
However, by modeling the time dependency, it is possible here, too, to separate data that we assume reflect the process of interest
from extraneous disturbances that appear to contaminate our measurements. The random part of the "signal”, some of it being the
contamination (the residuals), is now called noise instead of deviation asin the static case (the extreme residuals still qualify as
outliers, if we can show that they come from a distribution different from the rest). It should be noted, however, that in time series
analysisit is usually even more important to recognize and evaluate the internal correlations of the random residuals than to do a
detailed analysis of their magnitude distribution. That analysisis only required for outlier rejection. The systematic part, the part
which we remove by fitting a model to the data, is also called trend, and its successful treatment, the de-trending, is by far the most
important part of our work.
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Animportant problem must be considered first, even though it is only related, but does not strictly belong, to the subject of filtering
or rejection of outliers. Thisisthe fact that, for practical purposes, we look at our data with a view towards predicting future
developments. In this case, it isimportant to realize that, a priori, we can state that the most recent data are the most meaningful for
prediction, because old data lose their significance fast due to the ever present changesin all processes. This means that we may want
to filter our data with a priori weights assigned that increase towards the end of the data. But this also means that we are giving
greater weight to an outlier if it should occur at the end of our data. Thisis another aspect of the statement that a causal filter is not as
effective as afilter which can look both ways, forward and backward in time. Whether there is a genuine change or whether it isjust
an outlier, this question can only be decided in retrospect when we have data coming after the outlier. In robust statistics the
distinction is often made between additive outliers (points outside the trend) and innovative outliers which start a different trend, or
an offset in the trend. In the second case, a new trend has to be started, whereasin the first case, a simple rejection of individual
points will take care of the problem.

The alternative of unequal weighting can, of course, also be applied in the static case if, for some reason, we have a priori reasons to
have particular confidence in some points (or suspicion in others). Such an inclusion of apriori information is more effective but also
more dangerous (again, there is nothing free!) compared with the unweighted case. It isfor this reason that many statisticians, asa
matter of principle, reject the inclusion of a priori information in the derivation of statistical information, because such inclusion
cannot be done entirely objectively. Nevertheless, for that reason alone we should not refrain from using our best judgment if itis
based on our total experience (and not just on beliefs and prejudices).

The principle of filtering is again the same as the one in the static case, except now we apply aleast-squares fit to create a
mathematical model such as alinear fit, look at the residuals by comparing the rms value with the median absolute deviation, and, if
necessary, reject the point that is farthest from the model. Then we repeat the fit until the accepted criterion is reached. One criterion
istheratio of the rms deviation to the meddev of 1.5, which is dlightly larger than what a purely random Gaussian (normal)
distribution of residuals produces. If we lower that limit, then we will, of course, del ete more data points and the routine will search
for, and eventually settle on, the densest part of the distribution.

It isinstructive to experiment with artificial data generated by arandom-number generator. In this case, we know the outcome and
can see the results of introducing one or several outliers. For this reason, a program has been included in the diskette for the
generation of data with a uniform and anormal distribution. One can also experiment with data from actual data sets, such as those
from the USNO automated data service (ADS). (I don't want to imply, however, that our data are so noisy as to always require robust
methods!). As afurther aid for such exercises, we provide several auxiliary programs which assist in editing data or adding line
numbers to them, a simple way to make a time series out of an otherwise amorphous data set, or to facilitate the generation of the
cdf.

The filtering by linear fitsis the simplest way, but quite effective, for the suppression of noise. An even simpler smoothing would be
arunning average, which istotally independent of any models. In this case, however, it will be harder to develop criteriafor the
rejection of outliers. Y et, thisisthe direction in which we find the most sophisticated modeling: the Moving Average, the
Autoregression, the mixture of thetwo (ARMA), and the integrated version (ARIMA). The authoritative reference for thisis the text
by Box & Jenkins[1]. Several commercial statistics packages provide programs based on these models.

It isnot our goal, however, to compete with these software sources, but rather to discuss the principles and alert to possible pitfallsin
the application of robust methods. It isaso not at all established that the most sophisticated methods are al so the best in the sense of
safety. It isfor these reasons that a simple, well understood, and yet extremely robust "smoothing" procedure is so robust because it
uses "windowed medians,” with the window width adjustable according to the number of data points available (a number which
depends on the sampling rate). The windowed medians have been tested on a variety of data and the program can handle very noisy
dataindeed. Thisis particularly trueif the data have been sampled at a high rate, which isjust another way of saying that, in the
presence of noise, you must have as much data as possible. Another advantage of this method is that it isindependent of any model
assumptions, i.e., it isastrictly non-parametric procedure that follows the general trends, whatever they are. For each point, the filter
uses the set of the neighboring 2n+1 points, with n taken as the one-sided width of this ‘window' of data points. If we now take the
median of this set of points and assign this value to the point in question, then the claimed robust filtering takes place. This method is
excellent for the purpose of providing an estimate for the center values but it has some drawbacks in other regards. Most importantly,
it does not produce a"continuous' result and the values can only come from the set of given data points.
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You find in the literature of robust data analysis that almost every author seems to favor his own special method. It isvery hard to
obtain estimates of comparable merits of these methods. | am, however, convinced that the principles which we have used remain
valid in time series analysis: Use arobust method to identify and reject outliers and then use a method based on the assumption of a
normal distribution of the remaining random part of the data. Or, in other words, fit amodel after outliers have been rejected. This
will require some iteration of experimental fits, with outlier rejection alternating with state-of-the-art modé fitting.

Back to Contents

DANGERSAND PITFALLSIN DATA MODELS

A particularly notorious danger in model fitting is the over-confidence that one can develop, particularly if we apply "canned"
programs without really understanding the basic problems. One is tempted to give too much credence to results which may be
completely wrong and utterly misleading. This can happen if noisy data are fitted with higher order mathematical models,
particularly polynomials, in the belief that greater complication will necessarily produce superior results. The danger inherent in this
must be discussed from several angles. First, the normal equations for the solution of aleast-squares fit are notoriously ill
conditioned (the determinants are close to singularity) unless a data transformation is made before the analysis to bring the
coordinate origins into the range of the data given. If that is not done, then even small rounding errors (forget the disaster dueto real
outliers!) will produce unacceptable errors that make the fit worse than useless.

The second danger is ablind belief in a meaningfulness of higher polynomial coefficients that are obtained by using a"canned”
routine. The pitfalls come from the fact that even in the case of a data transformation as discussed above, the matricesinvolved in
such solutions are close to singularity where rounding errors can lead to completely erroneous resultsif there is not a sufficient basis
for the computation of these higher order coefficients. In ssmple terms, one should not fit a ninth order polynomial to anoise
contaminated straight line even if we have thousands of points! The right way to avoid these pitfallsin a quasi automatic fitting of
higher order polynomialsis the solution of such a problem by the use of the singular value decomposition (SVD). Thisis discussed
exhaustively in [12].

Y et another danger is the use of routines without some control by visually inspecting the resultsin aplot or graph. For example,
linear fits may completely overlook nonlinear trends. Visual inspection is also of great importance if any of the automatic ARMA or
ARIMA models are being used, because the solution of the model coefficients depends critically on the estimates of the
autocorrelation (again, particularly with the higher coefficients of the more complicated models). These estimates can be seriously
distorted by outliersin the sample. The same thing is true for Kalman filtering, which initsinner workings is completely opaque to
the user; the more so, the greater the number of parameters involved. Visual inspection isvirtually the only really safe way to
understand data. Therefore, the use of some plotting routinesis highly recommended.

Lastly, an often neglected principle: make as few assumptions as you can without doing injustice to the data. Thisis basically
"Occam'’s razor," which is now more often referred to as the principle of "parsimony" (especially by Box and Jenkins, [1]). This
means simply, that alinear fit is better than a higher power fit, unlessthereis avery clear basis for the inclusion of higher powers.
The SVD method isideally suited for this, because the lack of meaning of higher power coefficientsis reflected by the smallness of
the corresponding singular values. The same thing is true for the use of orthogonal polynomials, which had been in favor before the
SVD was shown to accomplish the same thing with less effort. Similarly, the use of weights must also be counted as an inclusion of
additional hypotheses in our routines and must be looked upon with a priori suspicion.

The deep reason for parsimony is that the inclusion of higher terms, or of more details, in any model or theory more or less inevitably
will bring purely random and accidental noise power into the systematic part of the model, making it misleading for extrapolations.
Thisisthe reason why the celebrated Ernst Mach was wrong when he postul ated that science selects the simplest |aws because of an
"economy of thought.” It is not economy but facts of information theory that yield the ideas that are important in our context. As
Jeffreys explains it, the ssimplest laws have the greatest probability of making correct predictions in the largest number of cases (see
[9] and also, for empirical evidence, [13]). Another interesting and persuasive example for the need to keep parsimony in mind is
given by Scheid [14]. His exampleis particularly instructive because it corroborates the importance of parsimony in the basic
assumptionsin asimple and transparent case of finding the power of a hoise contaminated low order polynomial.
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We have several choicesin building models. The interpolating functions are only useful if we have great confidence in the integrity
of the data and their freedom from random noise. In this case, a cubic spline is superior over polynomial fits because the spline
connects the given points under amore "physical” constraint (a minimum total curvature) than polynomials, which are purely
mathematical fictions.

All approximating models, Fourier series, or general orthogonal function fits, often produce stability problems (the matrices involved
in the least-squares solutions are close to singularity), and the use of the Singular Value Decomposition (see [12]) is generally
advantageous, not only in fitting polynomials. The best known orthogonal functions, Chebyshev polynomials, spread out the residual
errors more smoothly. The Chebyshev polynomials are minimax functionsin the sense that they minimize the largest deviations. But
that makes them least robust! These functions are excellent for interpolation of tabulated precise functions. They are useless for the

analysis of real data.

In general, if we know nothing about the underlying physics of the process, we must avoid by all means the complicated global
models. | prefer piecewise fitting with linear or quadratic trends. A failure to look for breaks in the data and instead, fitting the data
blindly with high order polynomialsis a frequent but cardinal mistake of data analysts. Natural processes have a tendency to
continue for awhile until abreak occurs. From then on, a new process must be fitted. That is the reason for the preference of
piecewisefits. It is also the reason why splines are more useful than higher order polynomials. In the latter case, any remaining
outlier will affect the whole data set. In contrast, in alocal model, only the region in which the outlier occurs, is affected. An entirely
different situation exists when the environment is the determining factor, such as in seasonal effects. In this case, the coefficients will
not remain the same over time, but the phase will more likely be preserved. Again, the criterion for goodness of fit is the absence of
trendsin the residuals. If the residuals are random with a white spectrum, al the systematic information has been extracted into the
model.

Our concept of identifying breaks in the trends, and the use of piecewise fits with simple trends, is just another way of treating
the''innovative" outliers mentioned in the Introduction. In contrast to the "additive" outliers which do not change the trend but add
short term noise to the "signa”, the innovative outlier signals the beginning of adifferent process. In the case of GPS carrier
tracking, e.g., acycle"slip" will be an innovative outlier. And again, the decision about the difference can only be made in hindsight,
after more data have been considered.

The statistical models, such asthe ARIMA models, have found great favor during the last two decades. The problem remains,
however, to first subtract the trends. ARIMA methods as such cannot, therefore, be included under robust methods without these
gualifications.

In my own, admittedly biased opinion, the best way to handle large amounts of critical data would be the following: Obtain as high a
sampling rate as possible and then, establish araw but robust model by filtering with the "median window". On the basis of this
tentative reference, look for, and reject outliers that are beyond an adopted limit. In many cases, e.g., wherethetrend is
approximately linear, the rejection can be done without that tentative reference and pre-filtering, by directly fitting alinear model
with a program. However, in the general caseit is easier and better to filter with a non-parameteric program because, this method
makes no assumptions whatever about the trends. A direct model fit must be done, however, if the rate of change of the trendsis high
compared with the data density.

Either way, we meet the same problem of rejection limit setting that we have discussed in the case of the normal distribution of a set
of measurements, except now we consider the residuals from the tentative model as the set of values that are somehow distributed
with the possible admixture of genuine outliers. Again, avisual inspection of the filter processisinvaluable to prevent excessive
filtering. This concludes the part of data analysis which can be called robust. From now on we deal with interpolation or prediction
on the basis of the filtered remaining data and standard methods can be used.

If, after filtering, we have confidence in the signal-to-noise ratio of the remaining data, we might use a cubic spline as the final
interpolator and model. In the case that the residuals are dominated by noise, however, a statistical model should be used after the
trend has been modeled separately by least-squares fit of an appropriate model such as Fourier series or polynomials. The production
of thistrend model is usually by far the more important and critical issue compared with the structure of the residuas, which is more
of diagnostic interest. References [15] and [16] can be recommended for further study at this point.
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ESTIMATESFOR THE MAGNITUDE OF NOISE IN TIME SERIES

The noisein atime series can be easily estimated if we have produced a good model fit. The desired measure is simply the rms
residual, which we obtain as a by-product of thefit. It is possible, however, to obtain excellent estimates of the noise even without
fitting by using the rms successive difference of the data. Within the PTTI community, thisis better known as the Allan variance,
because David Allan introduced it (with an additional factor of 2) for the measurement of frequency instability of oscillators [17].
The use of the successive differences can, however, be a possible source of confusion. We always form the first differences of the
guantity in question. In the case of frequency measurements, we form the "meansquare” of the second differences of phase. And this
isreally thefirst difference of the quantity which we use for the mean-square successive difference analysis of noise content, and we
have no exception to therule.

The principle of this noise characterization is simple: Instead of looking for the sample standard deviation, which for atime-variable
measure may not converge to afinite value if we add more and more data(if the measurements move around), we form the mean-
square successive difference (and divide by 2 for the Allan variance) as a measure of the noise present, the o (t ). By comparing this
value with the sample variance, we obtain additionally an estimate for the kind of noise present. For this purpose, we form the ratio
By of o (1) over 0 (). A value of unity of By isindicative of arandom "white" (no frequency- dependent) noise (which allows
meaningful averaging over longer periods). The more internal correlation is present in the data, the more the sample statistics are
going to wander around. Thisis part of what is meant by non-stationarity of the data, and it will be reflected in an increase of the
sample variance relative to the Allan variance, i.e., an increase of B, beyond 1.

In summary, we have to compute:

a. the sample variance and its square root o.

b. the mean-square successive difference, divided by 2 (for making it commensurate with o , following Allan's procedure),
and extracting the square root. For the sampling time T thisis now the two-sample (Allan) deviation o y(t ).

c. Find theratio B1=(0 /o (1 ))? as asimple test for the whiteness of the data (B1=17).

An even better test is available by computing the autocorrelation function of the residuals from amodel fit. If the residuals are white,
then the autocorrelation function must drop to near zero immediately at 1ags0. One has to make sure, however, that the data values
are listed without gaps. Confidence intervals for the rms difference (without the factor 2 in the denominator because the Allan
measure is not used outside the PTTI community) and for B, can be found in the literature ([8], para. 4.7, pp. 373-375).

Back to Contents

DEALING WITH REAL-TIME NAVIGATIONAL DATA

All of the above cases assumed that we can afford the luxury of fitting and filtering data post facto. In this case the critical decision
of what israndom and what is systematic, or what trends must be subtracted before the filtering, can be handled reasonably well.
However, amain reason why thisisrelatively easy isthe possibility of using non-causal filters. In other words, if we see where the
trend went after a questionable point, then we can decide to reject or not to reject, or as the case may be, to break the model and start
anew trend. In the case of real-time data, the decision between the case of an additive outlier or a break (new trend) cannot be made
immediately but only after some delay. Thisis discussed extensively by Salzmann[20] who uses Kalman filtering (and gives many
references). In contrast to our discussion (he uses the concept of "Reliability" of the information obtained and not robustness of the
procedure), his treatment is concerned with block procedures that require iteration if "dlips' (innovative outliers) are detected. He
must, therefore, accept a small delay in the detection process. He also mentions briefly "robust” Kaman filters and gives references.
However, he agrees that this can only deal with additive 'model errors. But it is possible to avoid the delay and obtain almost
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instantaneous detection of integrity failure. To this end we must search for additional information that can help usin making the
rejection decision. Thisisthe typical casein electronic navigation (GPS) where a decision about acceptance or rejection of data must
really be made on the spot.

Essentially, there are only two things we can do: We can build criteria on the basis of rate of change, which is very unreliable for the
reason that we must differentiate a noisy signal; or, much better and effective, we must have redundant information and/or obtain
information from elsewhere. In many cases, thisis easier than it appears, but it does extract some extra costs for this additional
information. In the case of aviation applications and the GPS, the problem has been extensively investigated under the acronym
RAIM, receiver autonomous integrity monitoring. Additional information is available from avariety of sources:. if we monitor more
satellites than the minimum four; if we use (inexpensive) inertial information as acceleration reference; if we add altimeter
information to the navigation processor; and finally and very effectively, if we use a sufficiently stable clock as a short term (<600s)
system time reference. The more information we provide, the simpler and more reliable the detection of outliers (or the integrity
failure) becomes. Only with the help of such additional information can an effective and reliable rejection criterion be used. At that
point, after eventual rejection of some data, the redundant information will provide us with the additional and very substantial benefit
that we can improve performance by appropriate integration. This can lead to a great improvement of accuracy, not only because of
noise reduction, but even more so because with the minimum number of satellites, the notorious geometric dilution of precision
(GDOP) comes into play each time when position lines come close together. This situation can be completely avoided with more
than the minimum information as the basis for the navigation solution. By avoiding the occurrence of the large uncertainties during
periods of poor geometry altogether, the average position accuracy isthen hardly affected by GDOP. This makesthe RAIM avery
cost effective solution.
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APPENDI X 1: The Poisson Distribution

The probability that exactly x events take place during the unit interval isP(x | A ) = [(A X)er)‘ ]/x! where A is the average rate of
occurrence per unit interval (>0) and x is apositive integer. Therefore, the distribution is fully characterized by A , whichisaso
equal to the mean and the variance of this distribution: p =A ; o 2=\ . Example: On the average we count 10 cars passing on the
highway per minute. What is the probability that we once count 5 cars in a minute? P(5 per m) = [(105)[4.54[10-5]/120 = 0.038 We
can expect to count 5 carsin a minute in about 4% of the cases. The Poisson distribution is not symmetric for small A (it hasa
positive skewness), but becomes increasingly symmetric as A increases. The maximum is at the largest integer x that is less than or
equal to A . That meansthat, for A <1, the most frequent occurrence is zero, as can be seen on the table below:

| A | 0.1 | 0.2 | 1.0 | 2.0

| P(x=0) | 0.905 | 0.819 | 0.368 | 0.135
| P(x=1) | 0.090 | 0.164 | 0.368 | 0.271
| P(x=2) | 0.005 | 0.017 | 0.264 | 0.594

For alarge A , the Poisson distribution approaches the normal distribution, which isits limiting case. If, e.g., we count on the average
10000 items per unit of time, then the actual distribution of our counts will look very much like a normal distribution around the
mean 10000 with a o of %10000 =100. Thisis a good example for the counting of cesium atoms arriving at the detector in an atomic
clock, and we can see why the frequency variations decrease with increasing times. The counting variance is equal to the counts and
the standard variation goes with the square root. Therefore, the relative fluctuation of the total counts goes with 1/%n. That is the
origin of the -2 slope in the logarithmic sigma-tau plots. However, al thisis true only aslong as our assumption of statistical
independence of the individual events remains true. And indeed, for very long times it becomes increasingly hard to build clocks
which can preserve this independence, because of environmental sensitivities and internal relaxation phenomena.
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